The present work is a second in the series of investigation of the background dynamics in brane cosmology when dark energy is coupled to dark matter by a suitable interaction. Here dark matter is chosen in the form of perfect fluid with barotropic equation of state while a real scalar field with self interacting potential is chosen as dark energy. The scalar field potential is chosen as exponential or hyperbolic in nature and three different choices for the interaction between the dark species are considered. In the background of spatially flat, homogeneous and isotropic Friedmann-RobertsonWalker(FRW) brane model, the evolution equations are reduced to an autonomous system by suitable transformation of variables and the critical points are analyzed. The scaling attractors are found in some parameter region for exponential potential only.
INTRODUCTION
Brane world scenario [1, 2] is a modified theory of gravity in which our four dimensional universe is embedded in a higher dimensional bulk space time. A particular brane scenario proposed by Randall and Sundrum [3] ( known as RS2 brane ) consists of a single positive tension brane as a sub-manifold in the five dimensional anti-de Sitter ( i.e., Λ = − 6 ℓ 2 , ℓ is curvature radius of bulk ) space ( AdS 5 ) with Z 2 -symmetry ( the RS2 scenario [3] ). In this modified gravity theory, the Hubble parameter (H) is proportional to the energy density at early epochs when ρ T ≫ λ (where λ is the brane tension). However, in the lower energy limit (i.e., ρ T ≪ λ ) [3] [4] [5] the standard four dimensional gravity is recovered.
Today, it is well known from various astrophysical observations [6] [7] [8] [9] [10] [11] [12] that presently the universe is going through an accelerating phase which can not be explained by standard cosmology. So, Physicists are trying to resolve this challenging issue either by modifying the right hand side (r.h.s) of the Einstein field equations ( i.e., by introduction of some exotic matter known as dark energy (DE) ) or, by modifying the left hand side (l.h.s) of the Einstein field equations ( i.e., introduction of modified gravity theory ). The unknown matter component, i.e., DE is totally unknown to us except its large negative pressure, and is considered as an unresolved problem in modern cosmology [13, 14] . On the other hand, there are several modified gravity theories namely f (R)-gravity, scalar-tensor gravity, Einstein-Gauss-Bonnet gravity, Brane world gravity and so on [2, 3, [13] [14] [15] [16] [17] [18] [19] . But from the point of view of observational data, none of these models can fit the observation in a better way compare to ΛCDM model, the simplest DE model with cosmological constant Λ representing the DE component, and the massive non-relativistic particles in terms of Cold dark matter. Although, the ΛCDM provides the best fit to most of the recent observations, this model faces some severe problems namely the cosmological constant problem [20] [21] [22] , and the coincidence problem [23] , and dynamical dark energy models ( dark energy evolve with time) namely quintessence, k-essence, tachyon, phantom etc. have been studied in the literature. All these models are based on scalar field and can solve the cosmological constant problem. However, uncoupled quintessence model can not give rise to a solution of coincidence problem, while a coupled quintessence allows to give the possible solution of coincidence problem by providing scaling attractor [24] [25] [26] , since in the attractor regime, both the dark components (DE and DM) scale in the similar way. However, it should be noted that the models where DE interacts with the DM components of the universe, were originally introduced as a solution to the− coincidence problem.
Thus, the dynamics of dark energy interacting with dark matter would provide better results than the noninteracting one. Also, the argument behind choice of interaction models is that they are favoured by observed data obtained from the Cosmic Microwave Background (CMB) [27] and matter distribution at large scales [28] . Further, Das et al [29] and Amendola et al [30] showed that an interaction model of the universe mimics the observationally measured phantom equation of state as compared to non-interacting models, which may predict a non phantom type of equation of state. In fact, this interaction occurred non gravitationally is very weak or negligible in the sense that DE is homogeneously distributed in the universe where as the DM clumps around the ordinary matter. Since there is no fundamental theoretical approach for choosing such interaction one assumes this on the complete phenomenological ground. Although one may provide more physical and natural results than others, so several interacting DE models are extensively studied in the literature [24, [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] .
Nevertheless, still people are trying to explain the observational fact by any one of the above modified gravity theory or by imposing both type of modifications. In the frame work of RS2 brane scenario, several models have been proposed to account for the present accelerating phase. In particular, a self interacting scalar field [43] [44] [45] [46] [47] behaves as dark energy. The dynamics of scalar field with constant or exponential [48] as well as a wide variety of self-interaction potentials [49] have been studied in the context of FRW cosmology. Recently, a detailed phase space analysis of RS2 brane world scenario has been done in [50] , and a complete cosmic scenario in this model has been shown in [51] with the help of dynamical system analysis. Also, scalar field coupled to barotropic fluid has been studied in ref. [52] [53] [54] [55] [56] [57] [58] , and in this context, it is worth noting that the relevant dynamical system studies in the brane scenario can be found in [59] [60] [61] [62] and others ( see for instance [63, 64] where a phase space analysis with exponential potential the brane has been examined by Goheer and Dunsby ). Further, it should be noted in this context that scalar field appears naturally in particle physics and in the present context it behaves as a source of DE.
The present work is continuation of our earlier work [34] in brane scenario. Here, we have considered three sets of new interaction term between perfect fluid having any barotropic equation of state and a scalar field having self interacting potential as exponential or hyperbolic in form. The evolution equations are converted to an autonomous system by suitable transformation of the variables. A detail study of the critical points and their stability analysis has been done in the context of cosmology. From the study, we have found some critical points represent the scalar field dominated solutions which are accelerated attractors in some parameter region but could not alleviate the coincidence problem. However, the critical points representing the scaling attractors can solve the coincidence problem successfully for some parameter restrictions when the potential of the self interacting scalar field is taken as exponential. The paper is organized as follows : Section 2 comprises of the essential details of Randall -Sundrum model and deals with basic equations in Brane Scenario and formation of Dynamical System. In Section 3, a detailed phase space analysis related to the critical points is presented. Also, we discuss the existence and stability / instability of critical points for various interaction terms and potentials. Cosmological implications of critical points for various system are shown in section 4. Finally, the summary and concluding remarks are given in section 5. Throughout the paper we use natural units ( 8πG = 8π m 2 P L = = c = 1 ).
FORMATION OF AUTONOMOUS SYSTEM IN BRANE SCENARIO
The present work deals with RSII brane scenario in the background of homogeneous and isotropic spatially flat FLRW model of the universe. The cosmic substratum is chosen as two interacting dark components− one of the dark species namely the dark matter is chosen as perfect fluid with constant barotropic equation of state and the dark energy component is taken as real scalar field with arbitrary self interaction potential. So the modified energy conservation equations for the individual matter part take the forṁ
Here, ρ m , and p m = (ω m − 1)ρ m represent the energy density and the thermodynamic pressure for dark matter with ω m (0 ≤ ω m ≤ 2), the equation of state parameter. On the other hand, the real scalar field φ represents the dark energy component with
as the matter density and thermodynamic pressure. The scalar function V (φ) represents the self interaction potential for the scalar field. Now, using (3) in the conservation equation (2) gives the evolution equation for the scalar field as
For the time being the interaction term Q is unspecified except that it is assumed to have same sign throughout the cosmic evolution. In particular, Q > 0 indicates a flow of energy from DE to DM and it is in the reverse direction for Q < 0. From physical point of view, Q > 0 helps to alleviate the coincidence problem and it is required for the validity of the second law of thermodynamics. On the contrary, negative Q ( i.e., decay of DM into DE ) indicates the possibility that there is no DE field in the very early universe and that DE 'condenses' as a result of the slow decay of DM [32] . Moreover, recently it has been shown [24] that the coupling parameter ( in the interaction term ) is weakly constrained to negative values by Planck data set [24] . Hence it appears in the observed data fittings that models with negative Q show most significant departure from zero coupling. Further, from the aspect of curvature perturbation, it is found [37] that there will be a stable curvature perturbation if
The modified Friedmann equations for the present brane scenario are given by [65] [66] [67] [68] 
and
Where λ is the brane tension, ρ T = ρ m + ρ φ is the total matter energy density, U (t) = C a(t) 4 (a is the scale factor for the FRW model) is the dark radiation due to non-zero bulk Weyl tensor, and the constant parameter C is related to the black hole mass in the bulk. In particular, for AdS-Schwarzschild bulk C to be non-zero [66] , but C identically vanishes [68, 69] for AdS bulk. For simplicity of calculation we shall restrict ourselves to AdS bulk model so that C is chosen to be zero. Note that for small brane tension ( λ ), i.e., ρ T ≫ λ, the brane effect will be significant ( i.e., H ∝ ρ T ) at early phases of evolution of universe while at the late phase of evolution ( i.e., ρ T ≪ λ ) the brane effects will be not so significant ( H ∝ √ ρ T ). In any case, the modified Friedmann equations can describe the evolution of the universe at all times.
The evolution equations namely equations (1), (4), (5), and (6) in the brane scenario are highly non-linear and coupled second order differential equations with a, ρ m , and φ as the dependent variables and the cosmic time 't' is the independent variable. ( Note that equation (5) may be considered as the constraint equation related to the dependent variables ). As it is not possible to have an analytic solution describing the evolution of the universe so for a qualitative idea about the cosmic evolution we shall write the evolution equations in an autonomous dynamical system. As a first step we introduce the following variables [50] :
which are normalized over the Hubble scale. As a result, the evolution equations reduce (after some algebra) to the following autonomous system of ordinary differential equations:
Here N = ln a is chosen as the independent variable, the dynamical variable 's ′ is defined as
where V ′ ≡ dV dφ , and we have
Also, using the normalized variables (in equation (7)) into the first modified Friedmann equation (i.e., equation (5)), one obtains the density parameter for dark matter as
As 0 ≤ Ω m ≤ 1, so the normalized variables are not independent, rather they are constrained as
Also, the ratio of the total energy density to the brane tension is given by
From the above relation it is clear that the early super dense region (ρ T ≫ λ) is confined to the neighbourhood of z = 1 which represents the initial big-bang singularity. Similarly, the late phase of the evolution is represented in the neighborhood of z = 0. However, z = 1 is not allowed by the above autonomous system, i.e., our model is not appropriate to describe the evolution dynamics near the initial big-bang singularity ( possibly due to quantum effects ). But from the mathematical point of view one may obtain the neighborhood of this initial singularity in the limiting sense ( i.e., asymptotically ). Thus the phase space of the above autonomous system can be described as
Also, the other relevant cosmological parameters in terms of the new variables take the form :
and the deceleration parameter takes the form
In the following section we shall explicitly analyze the autonomous system for three different choices for the interaction term namely (i) Q1 = γφρ m [25, 26, 70] , (ii) Q2 = δ ρm Hφ 2 [37] , and (iii) Q3 = σ ρ 2 m H [37] with γ, δ, and σ as the coupling parameter. Also for the potential function, we choose
with V 0 , and µ as constant. Note that for the exponential potential the variable s turns out to be a constant (µ) so the autonomous system reduces to three dimensional phase space.
It should be noted that there are no guiding principles in choosing the forms of couplings and the potentials that are studied in the paper, rather they are chosen more for the convenience to perform dynamical analysis. Also the potentials and couplings are expected to give interesting physical results.
We shall now discuss the phase space analysis of interacting DE with various form of interaction term. The potential of the associated scalar field is chosen as exponential or hyperbolic in nature. Critical points will be analyzed for the different autonomous systems provided by the interactions. Then linear stability analysis will be done for different cases step by step.
First, we consider the interaction term as :
For this interaction we first consider the exponential potential
Using the above interaction term in equation (17) the autonomous system (8) with this exponential potential takes the form:
Note that for exponential potential s(= µ) is a constant. The critical points for the system (18) are the following The Critical Points and the corresponding physical parameters for the interaction model Q1 = γφρm for exponential potential are presented.
Critical Points
The critical points and the corresponding physical parameters are shown in the table I.
The eigenvalues for the critical points are shown in the tabular form in the table II.
• The critical points A1, A2 always exist in the phase space. The solutions are dominated by the kinetic part of the scalar field and they correspond to standard cosmological behavior (i.e., z = 0 ). The DE behaves as stiff fluid in this case. There exist always a deceleration near the points. They are hyperbolic in nature. The point A1 admits a stable solution if the restrictions s > √ 6, and γ < − 3 2 (2 − ω m ) hold, while the point A2 shows the stable solution for s < − √ 6, and γ > 3 2 (2 − ω m ). Thus these two stable hyperbolic critical points indicate late time decelerating phase of the universe. Only future observations will predict whether they are realistic or not.
• The solution represented by the point A3 is a combination of both DE and DM. It will exist for 0 ≤ ω m < 2, and
. Here also DE behaves as stiff fluid. Although, there exists an accelerating universe near the point when − √ 2 < γ < √ 2, and 0 ≤ ω m < √ 2 3γ 2 + 2 , it represents an unstable solution in the phase space. Although this critical point represents accelerating phase at late time but it is not physical interesting due to its unstable nature.
• The completely scalar field dominated solution A4 will exist for s 2 ≤ 6. DM is absent in this case, and any perfect fluid represents the DE with equation of state parameter ω φ = s 2 3 − 1. There exists an acceleration for s 2 < 2. From the linear stability analysis, we observe ( see table II ) that the conditions for stability of scalar field dominated hyperbolic critical point are:
γ ∈ R and either (i) − √ 6 < s < 0, 0 ≤ ω m ≤ 2, and γ > 3ωm−s In figure (1) with the independent parameters γ = 0.01, s = −1.1, ω m = 1.01, the point A4 represents the stable solution, and in the figure (2), for γ = 0.01, s = 0.5, ω m = 1.01, the point A4 is stable solution. It recovers ΛCDM for constant potential (i.e., for s = 0, see table I). Since, Ω φ = 1 the point does not solve the coincidence problem. This stable critical point represents the late time accelerating phase of the universe and it is fully dominated by DE.
• The solution A5 is the combination of both the DE and DM components. It exists for (1) ω m = 0 : and either of (a)s < 0 and γ < −s, or (b)s = 0, and (γ < 0, or γ > 0), or (c)s > 0, and γ > −s
and either of (a) s ≤ − √ 6, and γ ≤
and either of (a) s < − √ 6, and γ ≤
The conditions for accelerating phase around this point are same as in the existence region of the point A5 (see table I ), so, this will represent an accelerating universe always.
The conditions for stability of the hyperbolic ( see table II ), scaling solution (matter-scalar field) for the critical point A5 are:
The matter-scalar field scaling solution A5 is a accelerated stable attractor which is shown in the figures. For example, in figure (3), for the parameters values γ = 0.01, s = −3.0, ω m = 1.01, the point A5 represents the stable attractor. For γ = 0.1, s = −1.9, ω m = 1.01, the figure (4) shows that the point A5 scaling attractor, and in the figure (5), with the parameter values γ = 0.1, s = 1.7, ω m = 1.001, the point A5 is stable attractor. Thus this critical point represents a scaling solution and may correspond to late time acceleration.
• The point A6 is the solution with 5D corrections in RS2 scenario. This point exists for ω m = 0, γ < 0 or γ > 0. It represents the early big-bang singularity ( as z → 1, ρ T → ∞ ) from the existence criteria. Here, DE behaves as stiff fluid for this point. There exists always an accelerating phase ( q = −1 ) near the point. For the existence ( ω m = 0 ) criteria, the two of the eigenvalues become zero, and as a result, the point is a non-hyperbolic one ( see table II ) with 1D stable sub-manifold.
Hyperbolic potential:V = V0 cosh(µφ)
If we consider a wider class of self-interaction potentials beyond the constant and exponentials the system (8) is not a closed system of ordinary differential equations as in general (9) is a function of scalar field itself. In order to go further to analyze the phase space dynamics of the system one has to take account of an extra variable s in the autonomous system (8) . Thus, we introduce a new dynamical variable for studying the dynamics under hyperbolic potential V = V 0 cosh(µφ) [71] [72] [73] . The extra equation will be in the form:
where f (s) = s 2 Γ − s 2 , with the quantity Γ = Γ(φ) =
as a function of scalar field φ. Introducing the interaction term (17) , and the equation (19) in the autonomous system (8) the compact system of ordinary differential equations will be the following:
where f (s) = (µ 2 − s 2 ) Since, s = −µ tanh(µφ) which implies that −µ ≤ s ≤ µ so, the phase space is bounded. The compact phase space is as follows:
The system (20) with the hyperbolic potential admits the following critical points:
, ±µ .
• V. Critical Points :
The critical points and the corresponding physical parameters are presented in the table III.
The eigenvalues of linearized system for this interaction model with hyperbolic potential are displayed in the table IV.
The interaction model1, namely (17) for hyperbolic potential of scalar field in the context of RS2 scenario shows the extra dimension of dynamical system which provides thirteen critical points in the valid physical region (21) . The Critical Points and their corresponding physical parameters for the interaction model Q1 = γφρm for hyperbolic potential are presented.
Critical Points
, 0, ±µ 
• The solutions namely, B1, B2, B3, and B4 dominated by the kinetic energy of the scalar field will exist for all parameter values involved in physical region. The points show a decelerating phase ( q = 2 ) ( see table III ). But from the linear stability analysis, we observe that they are the hyperbolic type critical points and all are saddle like unstable critical points because any two of the eigenvalues for every point are of opposite sign ( see table IV ). The points represent the solutions for standard cosmology ( z = 0 ), and of early phases of universe dominated by the kinetic part of scalar field.
• The points B5, and B6 correspond to the scaling solutions with combination of both the fluids DE and DM. DE behaves as stiff fluid in nature. These points exhibit the similar behavior as A3. The points exist for the following parameter restrictions 0 ≤ ω m < 2, and
. Although, an acceleration is possible near the points
, the points B5, and B6 represent unstable ( saddle like ) solutions ( table IV ) .
• The points B7, B8 are the solutions with 5D corrections in RS2 brane scenario. They will exist for ω m = 0, γ < 0 or γ > 0. The DE is stiff fluid. The universe always accelerating near these points ( q = −1 ). The points are non-hyperbolic in nature because of their existence criteria and have 1D stable manifold.
• The scalar field ( DE ) dominated ( DM is absent ) solutions B9, and B10 are associated with standard 4D behavior. They will exist for 0 ≤ ω m ≤ 2, and − √ 6 ≤ µ ≤ √ 6. The DE represent the perfect fluid having any equation of state ( ω φ = µ 2 3 − 1 ). The solutions are the hyperbolic type critical points. The expansion of the universe will be accelerated near these points for µ 2 < 2 ( see table III ). The points derived from hyperbolic potential are unstable ( saddle like ) in nature since one of the eigenvalues are always positive. Therefore, we can conclude that the points of these type realized in this model have different stability with that of the exponential one.
• The existence conditions of the point B11 are:
(1) ω m = 0 : (a) µ < 0, and γ < −µ (b) µ = 0, and (γ < 0, or γ > 0) (c) µ > 0, and γ > −µ.
(2) 0 < ω m < 2 : (a) µ ≤ − √ 6, and γ ≤ The matter-scalar field scaling solution B11 is always accelerating in the phase space since the conditions for acceleration are also the conditions of existence. The point B11 in the phase space is unstable (saddle) in nature.
• B12 is the solution with the combination of both the DE and DM components. The existence conditions for the point are:
(1) ω m = 0 : (a) µ < 0, and γ > µ (b) µ = 0, and (γ < 0, or γ > 0) (c) µ > 0, and γ < µ There exists an accelerating phase near the point B12 because the condition for acceleration of B12 is the existence criteria of the point. The point is unstable (saddle) in nature.
• The line of critical points ( y = 1 − z ) namely B13 represent the solution with 5D corrections. This solution exists always in the phase space ( with z ∈ [0, 1) ), and is dominated by the potential energy of the scalar field ( ρ T = V (φ) ). The point is completely DE dominated solution. It is the de Sitter like solution of early time of evolution of the universe ( ω φ = −1 ) which is always accelerating. Although this is a non-hyperbolic type point and 
has 3D stable manifold if − 3 4(1−z) ≤ µ < 0, and 0 < µ ≤ 3 4(1−z) with 0 ≤ z < 1.
Interaction Model 2:Q = δ ρm Hφ

2
Now in this sub-section we shall discuss the interaction model
with the exponential potential and the hyperbolic potential respectively for the scalar field. First, we present a autonomous system of ordinary differential equations in the presence of the exponential potential in three dimension as the parameter s here has a constant value.
Exponential potential:V = V0exp(−sφ)
For the interaction (22) , substituting s=constant in (8), we will get the three dimensional autonomous system in the form:
Now, we first find out the critical points and then analyze the linear stability theory accordingly. We present the critical points and the corresponding physical parameters in the table V, and eigenvalues of the linearized matrix in table VI. The following are the critical points for the system (23):
• I. Critical Points : C1, C2 = (±1, 0, 0)
• IV. Critical Points : C6 = (0, 0, 0).
For the stability analysis we have to find out the eigenvalues of the first order perturbed matrix and so we present the eigenvalues for this model with exponential potential in tabular form in table VI.
• The DE dominated solutions C1, and C2 exist for all values of parameters. Deceleration is always on face ( q = 2 ) ( see table V ) for these solutions. The hyperbolic point C1 is stable conditionally in the given parameter region ( see table VI ) s > √ 6, and δ < ωm 2 − 1, where as the point C2 will be stable in the range s < − √ 6, and δ < ωm 2 − 1. • The DE dominated solution C3 will exist for − √ 6 ≤ s ≤ √ 6. The DE behaves as perfect fluid, but acceleration will occur for s 2 < 2 ( see table V ). The point represents the non-hyperbolic solution for s = 0, 0 < ω m ≤ 2 (hyperbolic otherwise). The hyperbolic point C3 describes the stable solution if the following conditions are fulfilled δ ∈ R : and either (a)
Although the point represents the accelerated attractor in the above parameter space, does not solve the coincidence problem. The figure (6) shows that the point C3 is stable attractor for δ = 0.1, s = 1, ω = 1.01.
• C4, and C5 exist only for ω m = 0, and δ < 0. For these parameters the points behave as the solutions of 5D corrections in Brane scenario. The acceleration is possible around the points ( q = −1 ). DE is the stiff fluid in nature. The points are non-hyperbolic in nature.
• The point C6 represents completely DM dominated solution ( Ω m = 1 ) (see table V). We cannot conclude about the nature of DE. Acceleration is possible for ω m < 
Hyperbolic potential:V = V0 cosh(µφ)
Now, considering the scalar field related quantity s as one of the dynamical variables, the autonomous system for the interaction (22) takes the form
where, phase space is described by the boundary (21). The interaction model 2 i.e., Q2 = δ ρm Hφ 2 in the presence of the hyperbolic potential gives the above four dimensional autonomous system of ordinary differential equations in which s treated as a dynamical variable. The critical points for this system (24) are as follows:
, ±µ 
Critical Points
, 0, ±µ Critical Points λ1 λ2 λ3 λ4 D1, D2
, ±µ
• VII. Critical Points : D11 = (0, 0, 0, s).
• VIII. Critical Points : D12 = (0, 1 − z, z, 0).
The critical points and the corresponding physical parameters are displayed in the table VII.
The eigenvalues for this interaction model with hyperbolic potential are presented in the table VIII.
• The kinetic energy of the scalar field dominated ( DM is absent ) solutions D1, D2, D3, and D4 always exist, and have a decelerating ( q = 2 ) behavior. The DE behaves as stiff fluid. The points are unstable ( saddle like ) since one of eigenvalues is always in opposite sign. The points describe the early phases of the universe.
• The points D5, D6 with DE domination(DM is absent) will exist for µ 2 ≤ 6. Here, DE is perfect fluid, and acceleration is possible for µ 2 ≤ 2. The points are unstable (saddle like) in nature.
• The points D7, D8, D9, and D10 exist for ω m = 0, and δ < 0, and for this reason the points will become DM dominated (see table) . In spite of that there exists always an acceleration phase near those points. These are the solutions with 5D corrections describe the early dense Big Bang singularity of the universe. The points are non-hyperbolic in nature since all eigenvalues are zero because of their existence criteria ( see table VIII).
• The DM dominated solution D11 exists for all parameter values. We cannot conclude about the DE equation of state. There exists an acceleration phase of universe near this point for ω m < • D12 is the critical point arises with 5D corrections. It exists always in the phase space (with z ∈ [0, 1)). The point is completely DE dominated solution. It represents the de Sitter solution of early evolution of universe (ω φ = −1) and is always accelerating. This is non-hyperbolic type point and has three dimensional stable subspace if − (18) is stable for the parameter values γ = 0.01, s = 0.5, ωm = 1.01. (17) for the parameters values γ = 0.1, s = 1.7, ωm = 1.001, here, A5 is stable solution. (26) for interaction (25) around where, for the parameters values σ = −0.1, s = 3.5, ωm = 0.5, the point E4 is stable. (26) for interaction (25) , is stable when σ = −0.1, s = −3.5, ωm = 0.5
Exponential potential:V = V0exp(−sφ)
Using the interaction term in equation (25), for exponential potential of self interaction scalar field gives the autonomous system (8) as
The critical points are for the interaction model (25) with the exponential potential: 
Critical Points
For the dynamical analysis we first find out the critical points and then analyze the linear stability theory accordingly. We present the critical point for this system and the corresponding physical parameters are shown in the table IX. From the autonomous system (26), we have the critical points:
For the stability analysis, we have to find out the eigenvalues of the linearized Jacobian matrix, and so we present the eigenvalues for this model with exponential potential in the table X.
• Completely DE dominated (DM is absent) solutions E1, and E2 always exist in the phase space. Acceleration is not possible for those points. They are unstable saddle like in nature.
• E3 exists for s 2 < 6. This point is completely dominated by DE which behaves as perfect fluid. There exists an acceleration near this point for s 2 < 2. The point is hyperbolic (for s = 0) in nature and will be stable if the following conditions hold: s 2 < min{6, 3ω m }, or in the range 0 < ω m ≤ 2, and − √ 3ω m < s < √ 3ω m . The figure (9) shows that E3 is stable solution with the parameter values σ = −0.01, s = 0.5, ω m = 1.001.
• Both the critical points E4, and E5 are combination of DE and DM components. The DE behaves as stiff fluid. The points exist only when either (a) (0 ≤ ω m < 2, σ ≤ 0) or, (b) ω m = 2, (σ < 0, or σ > 0) hold. There will be accelerating phase around the critical points if the following conditions are satisfied 
E6, E7 ∓ωms
. Both the points are conditionally stable in some parameter region. The point E4 will be stable in the parameter space:
The figure (7) shows E4 is stable attractor for σ = −0.1, s = 3.5, ω m = 0.5. while the stability criteria for the point E5 is as follows:
The point E5 is stable attractor for the state space σ = −0.1, s = −3.5, ω m = 0.5 are shown in the figure (8).
• E6, and E7 exist when σ ∈ {R − {0}}, ω m = 0, which shows the solutions associated with 5D corrections in high energy regime ( where ρ ≫ λ ) and may describe the singularity as z → 1. Acceleration is possible for these critical points. The points are non-hyperbolic and have a 2D stable manifold (see tables IX, and X).
Hyperbolic potential:V = V0 cosh(µφ)
For the hyperbolic potential and the interaction (25) , the system (8) reduces to the form
where the phase space boundary satisfies (21) . The critical points and the corresponding physical parameters for the interaction model (25) with the hyperbolic potential are shown in the table XI. The system (27) provides the following critical points:
• I. Critical Points : 
• V. Critical Points : F 13,
The eigenvalues for this interaction model with hyperbolic potential are given in the table XII.
There are fourteen critical points for the interaction model (25) with the hyperbolic potential of scalar field in the RS2 model.
• F1, F2, F3, and F4 always exist in the phase space. They are completely DE dominated solutions (DM is absent). Here DE behaves as stiff fluid. Accelerated expansion is not possible around these points. The points behave as unstable (saddle) solutions.
• The points F5, and F6 are completely DE dominated (DM absent) solutions, exist for µ 2 ≤ 6. The DE is the perfect fluid. There exists an accelerating phase of the universe near the points for µ 2 ≤ 2. The points are saddle like in nature since one of the eigenvalues is positive.
• F11, F12, F13, and F14 will have the similar nature as E6, and E7.
COSMOLOGICAL IMPLICATIONS
We have discussed the phase space analysis of critical points from the dynamics of RS2 brane scenario in previous section. The corresponding physical parameters, and the stability of the critical points are presented therein. Now we are going to present the cosmological implications of the points arise from the systems. From the cosmological point of view, the following scenario are realized by the properties of critical points: a. Scalar field dominated era:
The kinetic energy of scalar field dominated solutions A1 and A2 correspond to a standard 4D behavior, where the expansion of universe is always highly decelerated. Moreover, the solutions correspond to conditional stable points in the phase space. This represents a solution in early phase of universe in the RS model which differs from the result in standard general relativity since these kind of points exhibit as a source in the phase space. However, the points B1-B4 describe the similar behavior at the early evolution of universe. The points are always decelerating and saddle in nature and are distinct from the result obtained in standard GR. Beside these, a number of solutions namely, C1-C2, D1-D4, E1-E2, and F1-F4 are obtained from different studied interactions with exponential as well as hyperbolic type potentials and they reveal only the early phases of universe in RS phase space.
The solution represented by the point A4 corresponds to a scalar field dominated era of universe, where DE may be any kind of perfect fluid having equation of state ω φ = s 2 3 − 1. From the linear stability theory, we observe that the point exhibits a stable solution for some parameter restrictions. It recovers ΛCDM for constant potential (i.e., for s = 0). The late time acceleration of universe near the point is realized for s 2 < 2, but it suffers from the coincidence problem. Although the solution admits the late time accelerated attractor, it could not solve the coincidence problem since Ω φ = 1 for this case. The figures (1), and (2) explore the point A4 which is a stable attractor in the phase plane. It should be mentioned that the similar results are obtained by analyzing the points C3, and E3. On the other hand, the scalar field dominated solutions B9-B10, D5-D6, F5-F6 are not so physically significant as they are unstable points in phase space for RS model when potential of scalar field is chosen as hyperbolic one.
b. Matter dominated era:
The dark matter dominated (Ω m = 1) era of universe is described by the point C6. There exists an accelerated universe if ω m < 2 3 , DM mimics as DE in this case, otherwise it is decelerated. From the linear stability analysis, we observe that the point C6 shows saddle like nature since one of the eigenvalues is always positive. In this case, stability in one eigen direction associated with negative eigenvalue while instability will occur for positive eigenvalue. The point corresponds a transient stage of cosmic evolution since universe can exit from this matter dominated era. Thus for a successful cosmological scenario this phase should be relevant for observed cosmic structure. Another point D11 will show the same nature in RS2 model.
c. Matter-Scalar field dominated solutions:
According to present observations our universe is currently undergoing an accelerated expansion phase. This scenario of universe can be realized in obtaining a critical point representing the attractor solution which is accelerated with the similar order of dark energy and dark matter Ω φ /Ω m = O(1). Our study of interacting DE model in brane dynamics reveals those points which are scaling attractor in phase space. Imposing some restrictions on parameter, the point A5 behaves fully stable attractor which represents the accelerating phase and the ratio of energy densities r =
s 2 +γs−3ωm gives the possible solution for coincidence problem. Thus, from the cosmological point of view, the point A5 is relevant in the present context, by providing the possible explanation for present accelerated expansion of the universe. The figures (3), (4) , and (5) show that all trajectories enter into the point A5. The similar results are exhibited by the points E4-E5 where DE behaves as stiff fluid, and potential of scalar field is chosen to be in exponential form. These are shown in figures (7), (8) .
On the other hand, though the matter-scalar field scaling solutions namely, B11-B12, F7-F10 exist for other interactions model in the phase space, but they are not so much interesting due to their unstable nature when potential of scalar field is taken as hyperbolic.
SUMMARY AND CONCLUDING REMARKS
In the previous section we have presented an exhaustive study of the autonomous system describing the cosmic evolution in the background of brane world gravity. We have taken three choices for the interaction term between the two (dark) components of the cosmic substratum. The self interacting potential function for the scalar field ( describing dark energy component of the matter ) is chosen as exponential or hyperbolic in form. In general, the phase space for the autonomous system is four dimensional, but for exponential type potential the phaser space reduces to three dimensional (14) .
We now summarize our main results for different interaction models with the exponential, and hyperbolic potential separately. The critical points achieved from every model explored different nature in contrary with hyperbolic potential. For the exponential potential, the interactions provide some interesting solutions such as the points A1, A2( model (17)); C1, C2 ( from model (22) ), and E1, E2 ( model (25) ) have the similar nature in the phase space. They correspond to the solutions, dominated by the kinetic energy of the scalar field, are always decelerating in their cosmic evolution. The points represent the stable solutions for some parameter restrictions. On the other hand, for hyperbolic potential, the same interaction models provide the critical points B1-B4; D1,D2; and F1-F4. All are the solutions, dominated by kinetic energy, explore the decelerating phase of universe as the critical points for exponential potential. But in contrary, here, the points are unstable (saddle) in nature, and thus, they represent the solutions of early phases of universe.
The scalar field dominated solutions namely, A4 (interaction (17) ), C3 ( interaction (22) ), and E3( (25) ) with exponential potential exhibit the same behavior from the cosmological point of view. For all the points, DE behaves as perfect fluid having any equation of state ω φ = s 2 3 − 1. The expansion of universe will accelerate near these critical points for s 2 < 2 ( decelerate otherwise ). The points represent the stable solutions for some parameter state but could not alleviate the coincidence problem since O(Ω φ ) = 1 for this case. These are shown in the figures (1), (6) , and (9) respectively. These type of critical points are also achieved from the hyperbolic potential. The points B9, B10 (interaction model (17) ); D5, D6 ( Interaction (22) ); and F5, F6 (from model (25) ) correspond to the solutions dominated by the scalar field and are accelerating (for µ 2 < 2) as the critical points from exponential potential. But the Points are saddle like nature in the phase space ( x, y, z, s in (21) ) where ′ s ′ is treated as a dynamical variable.
The matter-scalar field scaling solutions A3, and A5 ( from interaction (17) ); E4, and E5 ( from interaction model (25) ) are realized from exponential potential. Although the point A3 provides the accelerated expansion for some parameter restrictions, the point represents an unstable (saddle like) solution in the phase space for its existence criteria. On the other hand, depending on parameter restrictions, the points A5, E4, and E5 show the interesting behavior in the brane context. All behave as scaling late time attractors which are accelerating ( see the figures (3), (4), (5) , and (7), (8) ), and consequently they could alleviate the coincidence problem. These are shown in detail in the previous section.
The matter-scalar field scaling solutions are also achieved from the hyperbolic potential but they do not show the same behavior with critical points as in the exponential potential. The points provide the solutions which are never stable rather saddle in the physical region ( x, y, z, s in (21) ).
The points with 5D corrections are produced for all cases of interactions and potentials. They are non-hyperbolic in nature, linear stability theory fails to check their stability. They represent the early big-bang model of universe.
Thus, we can conclude that the entire study are classified by two different directions: one is the study of interacting DE with three different interaction terms in RS2 brane scenario choosing the self interaction potentials of scalar field as exponential where the quantity s taken as constant, and another is the study with hyperbolic potential where s indicates a dynamical variable ( in the physical region (21) ), and hence the physical region would be 4D phase space. We have shown that for exponential potential, the dynamics of RS2 brane scenario produce some interesting critical points from the cosmological point of view. The accelerated scaling attractors are realized for some parameter restrictions in which the points could solve coincidence problem successfully. However, in contrary to the exponential case, we have found that all the critical points are unstable in nature in the four dimensional phase space. Lastly, we can conclude that based on our study, the exponential potential is more physically viable than hyperbolic potential from the point of view of present cosmological scenario.
